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* Some of the basic maths and probability required for
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A D-dimensional column vector defined as
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A D-dimensional row vector defined as transpose of

D-dimensional column vector

XT:{.fl xro I3 - - xD}
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Inner product of two vectors a'b defined as
I

ba
aTb = [al az az --- CLD}X b3

D

= a1by + asbs + azbs + ---+apbp = Zaibi
i=1
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Euclidean norm or length of vector
[x[[ = vxTx

Vector has unit norm if ||x|| =1
The angle 6 between two vectors a and b defined by

a'b

9 p—
0s(0) = 1Tl

If cos(f) =0, i.e. a'b = 0 then vectors are orthogonal
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A set of N D-dimensional vectors {x1,x9,--- ,xxN} are
linearly independent if no vector in the set can be written as

linear combination of any of the others.

A set of NV linearly independent vectors span an
N-dimensional vector space

Any vector in this space can be represented by a linear
combination of these basis vectors. Basis in 3-D space

1 0 0
€1 = 0 , €2 = 1 , €3 = 0
0 0 1]
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The outer-product of an N-dimensional vector a and an

M-dimensional vector b defined as

ab'

a1b1
a0

anb1

a1b2
a9

anb

ale4
agbA4

anbﬂl
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A scalar function of a D-dimensional vector x defined as f(x)

then the derivative of f(x) with respect to x is defined as

- Of(x) T
51 (x)
0 o 833)2(
9% (x) = E
of(x)
. OJxp -
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UNIVERSITY
of
GLASGOW

where x Is

D-dimensional the Jacobian matrix is defined as

8f1 (X)
(9581

Of N (x)
(9581

8f1 (X)

oxp

Ofn (x)
orp
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Lets say we have a function f(x) = (aTx)2 then

Ox

(%)

2a'xaq
2a ' xas

2a'xap
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Now we can take the second partial derivatives

e,

0

0x

(

ox

)

2a'xaq
2a ' xas

2a'xap

a% asan

2

a1a9 as

aijap azap

apai
apa

— %2aa’'
at)
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* The Determinant of a square N x N matrix M denoted
as det(M) or |[M|provides useful information

* |f columns of M are not linearly independent then
det(M) = 0, indicating that rank of matrix M is smaller
than NV and M is not uniquely invertible

e det(M) is a measure of the volume deformation when M
Is used as a linear transformation, large values indicating
large amounts of stretching
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The Determinant of a square N x N matrix M denoted
as det(M) or |[M|provides useful information

If columns of M are not linearly independent then
det(M) = 0, indicating that rank of matrix M is smaller
than NV and M is not uniquely invertible

det(M) is a measure of the volume deformation when M
Is used as a linear transformation, large values indicating
large amounts of stretching

det(M) = H,ﬁ;l A Where each )\, are the eigenvalues of

M. (more on eigenvalues later)
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The Determinant of a square N x N matrix M denoted
as det(M) or |[M|provides useful information

If columns of M are not linearly independent then
det(M) = 0, indicating that rank of matrix M is smaller
than NV and M is not uniquely invertible

det(M) is a measure of the volume deformation when M
Is used as a linear transformation, large values indicating
large amounts of stretching

det(M) = H,ﬁ;l A Where each )\, are the eigenvalues of

M. (more on eigenvalues later)

The trace of a matrix is the sum of its diagonal elements
trace(M) = 25:1 My
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then the inverse is denoted as M~! and MM~ =1
where I is the identity matrix
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Matrix ldentities
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* |f the determinant of the square matrix M is non-zero
then the inverse is denoted as M~ and MM~ ! =1
where I is the identity matrix

* if M is non-square then the pseudo-inverse is given as
M = (M™M) ' MT and so MM =1.
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* An important class of linear equations take the form
Mx = Ax in other words applying a transformation M
to the vector x simply amounts to a scaling by A

* Solving for x and A requires (M — AI)x =0

* For M real and symmetric there are N solution (eigen)

vectors {eq,eo, - - ,en} and corresponding coefficients
(eigenvalues) {\1, )Xo, -+, An} such that ele; = §;; if
Ai 7 Aj
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Matrix ldentities

UNIVERSITY
of
GLASGOW

An important class of linear equations take the form
Mx = Ax in other words applying a transformation M
to the vector x simply amounts to a scaling by A

Solving for x and A requires (M — AI)x =0

For M real and symmetric there are N solution (eigen)

vectors {eq,eo, - - ,en} and corresponding coefficients
(eigenvalues) {\1, )Xo, -+, An} such that ele; = §;; if
Ai 7 Aj

Eigenvectors form a basis of the N-dimensional space so
transformation by M performs scaling of \; along each
axls
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e | et X be a discrete random variable that can take on
any of D values from the set X = {vy,v9, -+ ,up}

* Probability that X takes value v; denoted as
pi = Pr(X =v;) = P(x;) fori=1,--- , D, known as
Probability Mass Function
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e | et X be a discrete random variable that can take on
any of D values from the set X = {vy,v9, -+ ,up}

* Probability that X takes value v; denoted as
pi = Pr(X =v;) = P(x;) fori=1,--- , D, known as
Probability Mass Function

* Probabilities p; must satisfy conditions p; > 0 and
D
D iz bi=1
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* Rules of Probability for Discrete Variables
e Two Variables X e X & Y €y

* Probability P(z,y) > 0and }_ x> cy Plr,y) =1
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Rules of Probability for Discrete Variables
Two Variables X e X &Y €Yy

Probability P(z,y) > 0and »_ x>y Plr,y) =1

Then P(x)

— Zyey P(I‘,

y)and P(y) =2 cx P(2,y)
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Rules of Probability for Discrete Variables
Two Variables X e X &Y €Yy

Probability P(z,y) > 0and »_ x>y Plr,y) =1

Then P(x)
P(z,y)

— Zyey P(:E,y
= P(z|y)P(y)

) and P(

y) — ZazEX P(SE,y)
= P(ylz)P(z)
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Rules of Probability for Discrete Variables

Two Variables X e X &Y €Yy

Probability P(z,y) > 0and »_ x>y Plr,y) =1

Then P(x)

P(z,y)
Bayes Rule

P(zly) =

P(ylz) P(z)

=2 ey P(x,y) and P(y) = cx P(x,y)
= P(xly)P(y) = P(y|z)P(x)

P(ylz)P(x)

2 zex P(z,y)

~ Y ex Plyl2)P(x)
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* The expected value (mean, average) of the random
variable X is F{X} = u = Zzpzl ViDi = ) _pex TP ()
* More generally
B{f(X)} = 52 f(0i)pi = Xen (@) P(2)
* Now variance defined as

o’ = B{(X —w)?} = ) (x—p)’P(x)

reX
— B{X?} - (B{X})’
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on a particular value
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e Continuous random variables - cannot think of X taking
on a particular value

* Think of probability that value of X = « falls in some
range |a, b

* No longer have probability mass function P(X = x) -
now probability density function p(X = x) use p(z) as
shorthand

b
Pr(x € la,b]) = / p(x)dx
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Continuous random variables - cannot think of X taking
on a particular value

Think of probability that value of X = x falls in some
range |a, b

No longer have probability mass function P(X = x) -
now probability density function p(X = x) use p(z) as
shorthand

b
Pr(x € la,b]) = / p(x)dx

Density function must satisfy p(x) > 0 and
fjozo p(x)dr =1
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e Expectations follow as before
+00
E(X} == | opla)ds
and

+00
o2 = B{(X — p)?} = / (z — 1)’p(2)da

— 0

= B{X*} -
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* |mportant probability density function is Gaussian or
Normal

* Defined for single variable as

o) = e { ~ 5o -

2T
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* |mportant probability density function is Gaussian or
Normal

* Defined for single variable as

o) = e { ~ 5o -

* Denoted as p(z) = N(u, o) in class notes
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* What about multiple variables e.g. X, X5,---, Xp

* Follows from results for discrete variables (exchange
integrals for summations)
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* What about multiple variables e.g. X, X5,---, Xp

* Follows from results for discrete variables (exchange
integrals for summations)

* Define p(x1,22,- - ,2p) = p(x) > 0 and
Tr1=-+00 T p=-+00
/ / p(z1, 22, - ,zp)dridrs - -drp
r1=00 rTpD——"00

= /p(X)dX =1
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p(x,y) and can be decomposed as

p(z,y) = p(z|ly)p(y) = p(y|r)p(x)
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* Consider case of two variables x and y joint probability Is

p(x,y) and can be decomposed as

p(z,y) = p(z|ly)p(y) = p(y|r)p(x)

* |[f x and y are independent then probability of = will not
be conditional upon y, p(x|y) = p(z) and the probability
of y will not be conditional upon z, i.e. p(y|x) = p(y),

so p(z,y) = p(z)p(y)
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* Consider case of two variables x and y joint probability Is
p(x,y) and can be decomposed as

p(z,y) = p(z|ly)p(y) = p(y|r)p(x)

* |[f x and y are independent then probability of = will not
be conditional upon y, p(x|y) = p(z) and the probability
of y will not be conditional upon z, i.e. p(y|x) = p(y),

so p(z,y) = p(x)p(y)
* General case if all variables are independent then

p(x) = p(x1, 22, ,xp) = [ [ p(za)
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* Back to two variables = and y joint probability is p(x,y)

p(z,y) = p(z|y)p(y) = p(y|z)p(x)
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* Back to two variables = and y joint probability is p(x,y)

p(z,y) = p(z|y)p(y) = p(y|z)p(x)

* So Bayes Theorem gives

p(ylz)p(z)
p(y)

p(zly) = , plylz) =
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* Back to two variables = and y joint probability is p(x,y)

p(z,y) = p(z|y)p(y) = p(y|z)p(x)

* So Bayes Theorem gives

p(ylz)p(z)
p(y)

p(zly) = , plylz) =

* and
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 First and Second Moments defined for random vector
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e First and Second Moments defined for random vector
* First Moment (Mean Vector) defined as

Bix} == [ xplx)dx

Lecture One January 17, 2006 — p. 18/2



Probability

UNIVERSITY
of
GLASGOW

 First and Second Moments defined for random vector

* First Moment (Mean Vector) defined as

Bix} = p = / xp(x)dx

e Second Moment (Covariance Matrix) multivariate
generalisation of variance

2 = [lx-mix - Tpbxdx

= E{x—pwx-p'}
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Covariance matrix has form

E{(x1 —p1)(x1 —p1)} -+ E{(z1 —wm)(@p —pp)}
- E{(xe —p2)(z1 —p1)} -+ E{(z2 —p2)(zp —pp)}
| E{(zp —pp)(x1 —m)}t -+ E{(zp —wup)(@p —uD)}
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Covariance matrix has form

E{(x1 —p1)(x1 —p1)} -+ E{(z1 —wm)(@p —pp)}
- E{(xe —p2)(z1 —p1)} -+ E{(z2 —p2)(zp —pp)}
| E{(zp —pp)(x1 —m)}t -+ E{(zp —wup)(@p —uD)}
[ 62 13 -+ oD
o21 02 -+ 03p
= .
| oDp1 OD2 o% |
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e Multivariate Gaussian density function
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e Multivariate Gaussian density function

* Assume that D random variables are independent and
each has a Gaussian distribution p(x4) = N, (1g, 0g)
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e Multivariate Gaussian density function

* Assume that D random variables are independent and
each has a Gaussian distribution p(x4) = N, (1g, 0g)

o p(a1,-,2p) = p(x) = [Toy P(xa) = [Tgoy Naw(a, 00)
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Multivariate Gaussian density function

Assume that D random variables are independent and
each has a Gaussian distribution p(x4) = N, (1g, 0g)

p(x1, -+, 2p) = px) = [1g1 P(@a) = [Tgo1 Neu(ta, 0a)

and

p(x)

| E——
d=1 1/ 27T062l

1

D
o2mr2 HdD:1 04

- {

20d

1

2

(20 10}

1L () )
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e Define covariance matrix X as

0'% 0 0

0 o3 0

> = _
00 o} |
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e Define covariance matrix X as
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* So inverse of covariance matrix X! is simply

1
2
91
0

0

1
2
92

0
0

1
3
D
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e Using vector notation

25_1 (Id - Md>2 = (x—p)'Z7H (x - p)

0d
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e Using vector notation

Z; (xd - Md>2 = (x—p)'Z7H (x - p)

0d

* Now for a diagonal matrix 3 then HdD:1 oq = det(X)
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Using vector notation

2
zj;<ﬂiyw>=4x—uf21@—u0

Now for a diagonal matrix X then HdD:1 oq = det(X)
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The general form for a multivariate Gaussian follows as

p(x) =

1

D

(2m)2

cX
>z p{

1

2

@—ufﬁlﬁ—uﬁ

This is the general form which holds even if X is not

diagonal.
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Using vector notation

2
zj;<ﬂiyw>=4x—uf21@—u0

Now for a diagonal matrix X then HdD:1 oq = det(X)
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The general form for a multivariate Gaussian follows as

p(x) =

1

D

(2m)2

cX
>z p{

1

2

@—ufﬁlﬁ—uﬁ

This is the general form which holds even if X is not

diagonal.
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