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Graphic Symbol Geometric State Grade(s) Algebraic Form Abbr.

CV Scalar 0 a Sca
/ Vector 1 a=ae) +fer+yes Vec
\/ Bivector 2 B=anb Biv
TZ» Trivector 3 Is=anbAc Tri
* Point 1 p=o+a+ %azoo Pnt
o0 Point Pair 2 T=DpalPp Par
O Circle 3 K=pPaAPpAPc Cir
Sphere 4 Z=paAPpAPcApg Sph
@ Flat Point 2 D=pAroo Flp
\ Line 3 AN=paApphoo Lin
4 Dual Line 2 A=B+dcxo D11
= Plane 4 M=paApyApchoo Pln
1 Dual Plane 1 T =n+060c0 Dlp
>< Minkowski Plane 2 E=0An0 Mnk
‘/I Direction Vector 2 too Drv
L Direction Bivector 3 Boo Drb
A Direction Trivector 4 I300 Drt
/' Tangent Vector 2 ot Tnv
l» Tangent Bivector 3 oB Tnb
Il» Tangent Trivector 4 ol3 Tnt
O Rotor 0,2 %:e_ngcos%—singB Rot
. Translator 0,2 g = e%"o =1- %oo Trs
\@_ Motor 0,2,4 M =eBrdo Mot
Dilator 0,2 D =e%E = cosh% + sinh%E Dil
>:< Boost 0,2 B=e’t=1+ot Trv

Table 1: Basic elements of conformal geometric algebra and their algebraic con-
structions. The graphic symbols on the left are introduced to help reference the ap-
pendix of operations. Bold symbols represent Euclidean elements, with lowercase
letters representing 1-blade vectors as is the custom in geometric algebra texts.



Operation Operator or Method Expression Notation

Geometric Product * A xB AB
Inner Product <= A <= B AlB
Outer Product - A~ B AAB

Commutator % AY B AxB
Inverse ! 1A A7l
Reverse ~ ~A A

Conjugate conjugation() A.conjugation() A
Involute involution() A.involution() A

Table 2: How to perform basic operations on multivectors in Versor

Function Output Notation
Op::sp(A,B) or A.sp(B) Spin A by B BARB!
Op::re(A,B) or A.sp(B) Reflect A by B BAB

Op::rj(A,B) Rejection of A from B (AAB)B™!
Op::pj(A,B) Projection of A onto B (A]B)B7!
Op::d1(A) or A.dual() The Dual of A A*
Op::ud(A) or A.undual() The Undual of A AT
Op::dle(A) or A.duale() The Euclidean Dual of A A*
Op::ude(A) or A.unduale() The Euclidean Undual of A AT*

Table 3: Some useful functions operating on one or two arguments.



Function Output Notation
Gen: :log(Rot The Bivector Generator of input % log(%#)
Gen: :log(Mot The Dual Line Generator of input.# log( M)
Gen: :mot (D11 The exponential .# of input Dual Line B + doo eBrdeo
Gen::rot(Biv The exponential Z of input Bivector 01 e 51
Gen:ratio(Vec a, The Rotor £ that takes input Vec a to input Vec b %
Gen::ratio(D11l da, D11 db) The Motor .4 that takes input DII A to input DIl B
Gen: :trs The exponential 9~ of input Direction Vector doo e %0
Gen::dil The exponential & of input E plane 1E es b
Gen: :trv The exponential £ of input tangent vector e?
Xo Yo 2 O
Gen: :mat The 4x4 matrix of input Rotor % oyo&a 0
X2 y2 2 0
0o 0 0 1
Gen::aa The axis angle rep of input Rotor 22 [0 x y z|

Table 4: Common functions for dealing with versors and their generators.

Function Output
Ro::null Point p map of input Vector v
Ro::dls Dual Sphere from input Vector v and radius a
Ro::splitl Point p of input Point Pair p A g
Ro::split2 Point g of input Point Pair p A g
Ro::sur Dual Sphere Surrounding input
Ro::cen Center point p of input Round
Ro::car Carrier Plane or Line of Input Circle or Point Pair
Ro::size Squared Radius (+ or -) of input Round
Ro::wt Weight « of input Round

Table 5: Common functions for creating and querying round elements



Function Output

Fl::car Carrier Plane or Line of Input Circle or Point Pair

Fl::1loc Point p oninputline or plane closest to input point

Fl::wt Weight a of input Flat

Fl::dir Direction of input Flat

Table 6: Common functions for creating and querying flat elements

Function Output

Ta::at  Tangent to input State at input point p

Ta::wt Weight a of input Tangent

Table 7: Common functions for creating and querying tangent elements



Appendix A: List of Operators By Return Type

Operations that Construct a Point

15 .OJO YRS OJ ij OJO LIPS
Pss*Sph Par|Cir Par|Lin Cir]Sph Cir|Pln D11|Cir Dlp]Par
/Joo \/JQ
Vec|Par Biv]Cir
Operations that Construct a Sphere
Is5 A0 eenee een? eenrs (Ia' OAS
Pss*Pnt PntACir ParAPar ParADll ParABiv CirADlp CirAVec

Operations that Construct a Point Pair

Is0O

N 'JO 'J\ '°-/\T

01O 1O

Pss* Cir Pnt APnt Pnt]Cir Pnt]Lin PntADlp D11]Sph Dlp]Cir
Vec | Cir
Operations that Construct a Circle
I5oo *‘Nee "J *lee *AC eonl oon
Pss*Par Pnt APar Pnt|Sph Pnt|Pln PntADll ParADlp ParAVec
1o
Dlp | Sph



Operations that Construct a Line

Iso A A® O O T

Pnt AFlp FlpADlp FlpAVec Dlp|Pln

XONe e
Inf APar Pss*Dll PntADrv

/N

Vec | P1n

Operations that Construct a Dual Line

0l Iy 2 eels 1O QO Q-

Pnt |Drb Par|Drt Drv|Sph Flp]Sph Flp]Pln

Inf |Cir Pss=*Lin

A A

DlpADlp DlpAVec

Operations that Construct a Plane

oon)  Ist AL AN eentY een® !

Inf ACir Pss+*Dlp PntADrb PntALin ParADrv ParAFlp LinADlp

SAST Oae @ans

LinAVec FlpADll FlpABiv



Operations that Construct a Dual Plane

xXlee® 155 ¢ 'J-/I e 1. eell OJA

Inf|Par Pss*Pln Pnt|Drv Pnt]|Dll Pnt|Trs Par]Drb Cir|Drt

Ole 710 216 B - 00 ).

Cir|Mot Drv]Cir Drb|/Sph Lin|Sph Lin|Pln Flp|Cir Flp]Lin

/e

Vec | D11

Operations that Construct a Flat Point

oAt X 2] TN N e

Inf APnt Mnk#*Trs D11]Pln Dlp]JLin Vec|Lin Biv|Pln

Operations that Construct a Vector

O Ojo O] . oo ool XIO X~

Ori|Drv Ori|D11 Ori|Trs Inf|Tnv Inf|Trv Mnk]|Cir Mnk]|Lin

v e e A Ll S AL

Pnt |Biv Pnt|Rot Par]|Tri Drv|Tnb Drb]|Tnt Tnv|Drb Tnb]|Drt

Hlo N Q4 o T T b

Tnb|Mot Lin|Tnt Flp]/Tnb D11]Tri Dlp]Biv Dlp|Rot Biv]|Tri

V7l

Biv* Tri



Operations that Construct a Bivector

O, oo XO X v Mk S5

Ori|Drb Inf|Tnb Mnk|Sph Mnk|Pln Pnt]|Tri Drv]|Tnt Tnv]Drt

Qb "W AN S

Flp|Tnt Dlp|Tri VecAVec Vec|Tri Vec=*Tri

Operations that Construct a Trivector

O\, oo)s X Is X5 S ass

Ori|Drt Inf|Tnt Mnk|Pss Mnk=*Pss VecABiv

Operations that Construct a Direction Vector

oo™ oo\ oon! ! ocon oo/ s

Inf |Lin InfxLin InfADlp Inf#*Dlp InfAVec Infx*Vec Pssx*Drb

Y b Lo Las NV /L

Drb* Tri Drt*Pln Drt*D1l Drt=*Biv Dlp]Drb Vec]Drb

Operations that Construct a Direction Bivector

Q| = XV= OOAY oo Y OOAN OO 15/'
Inf |Pln Inf*Pln InfADl1l Infx*Dll InfABiv Inf*Biv Pss*Drv

T VA LA NN

DrvADlp DrvAVec Drvs*Tri Drts*Lin Drts+Dlp DrtxVec



Operations that Construct a Direction Trivector

ooJIE) ools  coall ot av
Inf |Pss Inf*Pss InfATri Infs*Tri DrvADll
AT oo oaas AR

DrbAVec D11ADl11 Dl11ABiv DlpATri

-/I/\\/

Drv A Biv

/onT!

Drb ADlp

Operations that Construct a Tangent Vector at Origin

Is2, AV b

Pss*Tnb Tnb*Tri Tnt * Biv

o O/

Ori AVec Ori=xVec

PR

Vec ] Tnb

Operations that Construct a Tangent Bivector at Origin

Is,  JA T4

TnvAVec Tnvs#*Tri

0/\\/ 0\/

Ori ABiv Ori*Biv Pss* Tnv

o/

Tnt * Vec

Operations that Construct a Tangent Trivector at Origin

OATZ» OTZ» //\\/

Ori ATri Ori*Tri TnvABiv

OI5s

Ori * Pss

O\1s5

Ori | Pss

AN

Tnb A Vec

Operations that Construct a Rotor

X
Mot | Biv

NN

Biv * Biv

o S

Tnv | Mot Vec * Vec

10



Operations that Construct a Translator

O OO . . VY

Mnk * Flp Flp*Flp D11|Mot Biv]Mot Trv]Drv

Operations that Construct a Dilator

O RN

Ori * Inf Drt * Tnt

Operations that Construct a Motor

NN 2@ Oxs 0 AL
Lin*Lin D11%D11 D11x*Biv Dllx*Rot RotATrs

Operations that Construct a Transversor

e o]

Trs | Tnv Mot | Tnv

Operations that Construct a Motor Dilator

° o-/l QL /\\o/ \o/

Par « Drv Cir +*Drb Dil AMot Dil % Mot

Operations that Construct a Minkowski Plane

Orx It

Ori A Inf Pss * Tri

11

T
Rot * Trs



Operations that Construct a Pseudoscalar

OrO

Onz,

On-

OriAnSph OriADrt OriAPln
L NS I VAR
Mnk * Tri Pnt ASph Pnt ADrt
eonds een™ eenlZ
Par ATnb ParALin ParATri
Onavs Oa 't OA/
Cir ABiv SphADlp SphAVec
HA0 At NaC
TnbAD1l TntADlp LinADI11

SSINE
Inf A Sph

Ak

Pnt A Tnt

On"

Cir A Drv

PN

Drv A Tnb

AR

Lin ABiv

conks

Inf A Tnt

N

Pnt A Pln

One”

Cir A Tnv

v

Drb A Tnv

AT
Pln AD1p

NG

Mnk A Cir

oo/\@

Par A Cir

On@

Cir AFlp

AN

Tnv A Lin

e

Pln A Vec

Operations that Construct an Origin

Iss, Wi /7 /)P0

Pss*Tnt Tnt*Tri Vec] Tnv

Vec | Trv

\IPas

Biv ] Tnb

Hals

Mnk A Tri

oo/,
Par A Drb

SNz

Cir AD11

AHn@®

Tnb A Flp

>Nt

FlpATri

Operations that Construct an Infinity

Ist, 71N 7 )—

Pss*Drt Drv]Lin Drb]Pln

SIS ST - B S

Dlp|Drv Dlp]Flp Dlp]Trs

N VA DN V. g P

Biv]|Drb Biv]Lin Tri]|Pln

Ln

Drt « Tri
Dlp|Dil

e

Tri | Mot

12

OJL

D11 | Drb

Vec | Drv

NN

r X

D11)Lin Dlp]Mnk

e A" e S

Vec |Flp Vec|Trs



